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The phenomenon of the rmomolecu la r  p r e s s u r e  difference is descr ibed in t e rms  os the solution 
to the l inear ized Bubnov--Galerkin--IQ-mdsen model, assuming an a r b i t r a r y  tangent ia l -moment-  
um accomodation coefficient for  molecules  impinging on a surface.  A compar ison of theore-  
tical resul ts  with test  data shows a close agreement  between them. 

An analysis  of available test  data indicates that the phenomenon of the rmomolecu la r  p r e s s u r e  dif fer-  
ence depends on the tangent ia l -momentum accommodat ion coefficient for  gas molecules  impinging on a s u r -  
face [1-3]. Therefore ,  a comparat ive evaluation of theoret ical  resul ts  and test  data over  the entire range 
of Kaudsen number  values must  co r r ec t ly  account for  the accomodating capabili ty of the channel surface 
with respec t  to var ious  gases.  

Let  the gas in a c i r cu la r  capi l lary  be per turbed  by a tempera ture  gradient  in the z-direct ion.  Under 
steady conditions there will appear  a corresponding p r e s s u r e  gradient  which reduces  to zero  the mass  
flow rate of gas through any section of the capil lary.  We assume that, inasmuch as the per turbat ion is 
small ,  the veloci ty  distribution of molecules  approaches  a Maxwellian one: 

f(c, c z, r, z ) = f o [ l + c ~ q ) ( c ,  r)], 

with r denoting the two-dimensional  radius vec tor  in a plane normal  to the z -axis  and c, c z denoting r e s -  
pect ively the dimensionless  r -  and z -  component of the molecular  velocity. 

A l inearizat ion of this p rob lem makes  it feasible to analyze the effects due to the p r e s s u r e  gradient  and 
those due to the tempera ture  gradient  independently [4-8]: 

F r o m  Eqs. 
the coordinate s which coincides with some init ially selected direct ion of veloci ty  c (Fig. 1): 
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c Or ~ - - - - 2 -  = - - 6 [ c p r - - 2 u  r].  (3) 
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(2) and (3) one can eas i ly  determine the distribution function of molecules  at any point with 

(4) 

(5) 
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where ~0p(0, c) and ~o T(0, c) define the corresponding distribution functions of molecules emit ted f rom point 
M on the capi l lary surface in the direction of c. 

The boundary conditions and the conditions of symmet ry  for this problem are 

%(0, c) = (1 --e) % (0,--c), (6) 

% (0, - -  c) = % (l, c) (i = P ,  T).  (7)  

Here s is the tangent ia l -momentum accommodation coefficient for molecules impinging on the surface,  and 
1 = 2(1--r2sin2a) t/2 is  the length of chord MN. 

From Eq, (4), with (6) and (7) taken into account, we obtain 

(1--e)exp( - 6-~/)c 
% (0, c) = 

1-- (1-- e) exp ( - -  c6~/) 

l 

S 1 • --c (26up--v) exp T s  ds'. (8) 
o 

It can be shown that ~o T(0, c) - 0 for any value of pa rame te r  6. The proof will be omitted here,  be- 
cause of ra ther  unwieldy though not very  complex calculations. An analogous resul t  has been obtained in 
[9], where the velocity of sliding due to heat is  shown to be independent of the tangential-momentum accom- 
modation coefficient. 

The definition of macroscopic velocit ies up and UF represent ing all  possible directions c and surface 
points M, with the aid of express ions  (4), (5), and (8), yields the following l inear nonhomogeneous integral  
equations: 

V ~ (1 _ _ ~ r )  ' 
Up = "--2-6-- (1 -- *p ), u r = -- 2---if- 

~ p = l q -  t5 f f f f~bpK(r ' r ' )dr  ', 
[ r--r '  I 

(Z) 

(I~1 (~1 

- -  - -  d r ' ,  

(9) 

K(r, r') = exp --c  2 -  6----Ir-- r'l dc, (10) 
o 1 --  (I - -  e) exp ( - - @  l) c 

J~ (x) = . . . .  

o 

Integration in (9) and (10) is  pe r fo rmed  with respect  to the c ross  section a rea  of the capi l lary 21. 

One may apply the Bubnov--Galerkin process  [10] to Eqs. (9) and (10), for the purpose of which r 
and ~T are approximated by se r ies  in even basis  functions {r2g}: 

%, (r, e) = ~ A  k (e) r 2~ ~r (r, e) = B~ (e) r 2~, (11) 
k=0 k=O 

while coefficients A k and B k are determined f rom the stipulation that Eqs. (9) and (10) be orthogonal to the 
respect ive basis  functions. The fas t  convergence of this method makes i t  feasible to consider two t e rms  
of expansions (11) only. 

The r e f e r r ed  ra tes  of gas flow due to the p ressure  gradient Qp and due to the temperature  gradient 
QT are determined according to the respective formulas  

2<Up> 1 [ z~(0.25a,2--a12+an ] 
Qp (8; e) . . . .  1 ~v 6 aua~ ~ - -  a~2 (12) 
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Fig. 1. Geometr ica l  
d iagram for  Eqs. (4) 
and (5). 

Q r (8; e) 2 ( u r ) 1 [ - - 1  q- 0.5 (b~b2~--b~b~2) + b2bx~--b~b~2 ] 
z~ = U b~WZ. - ~ 2  ' (13) 

11 22 

where the symbels  inside ( ) b racke t s  denote mean -ove r - the  section macroscop ic  veloci t ies  of the gas. 
Formulas  for  calculating the coefficients  a and b are  der ived in the Appendix. 

As has been noted ea r l i e r ,  no macroscop ic  flow through a cap i l la ry  occurs  under s teady conditions: 

(u r) + ( u p ) = O ,  (14) 

and, the re fore ,  

dP e" dT Qr (5) 
- -  = 7 ( &  v(8;  e ) =  ~ .  p ) - - ~ '  Qp (8; e) (15) 

When the per turba t ion  of a gas f rom its s teady state is  small  (A T / T  < 1), then the tangent ia l -moment-  
um accommodat ion coefficient  e maybe  assumed constant along the cap i l l a ry  and to co r respond  to the mean 
surface t empera tu re .  Integrat ion of (15) along the cap i l l a ry  will then yield a formula  for  the t h e r m o m o l e c -  
u la r  p r e s s u r e  difference:  

P, / Ti ~, v 
p - :  = �9 ( 1 6 )  

In the l imiting case of a f r e e - m o l e c u l a r  mode (5 = 0), re la t ion (16) yields  the Kaudsen equation with 
a co r r ec t ion  accounting for  the imper fec t  tangent ia l -momentum accommodat ion of gas molecules  at a surface:  

I 

p~ (17) 

The theore t ica l  resu l t s  a re  shown in Fig. 2 together  with tes t  data obtained with long glass capi l -  
l a r i e s  at t empera tu re s  T t = 77~ and T 2 = 299~ [3]. According to the diagram, the theore t ica l  curves  for  
s = 1 (1), e = 0.96 (2), and e = 0.92 (3) do accura te ly  enough descr ibe  the tes t  data for  argon, hydrogen, and 
neon respec t ive ly  (the maximum discrepancy does not exceed  2%). 

Thus, the sa t i s fac tory  agreement  between theore t ica l  and exper imenta l  values lends support  to this 
theory  as a basis  for  calculat ing the co r rec t ions  to gas p r e s s u r e  measu remen t s  made with ins t ruments  at 
t em pe r a tu r e s  o ther  than the tes t  t empera tu re ,  also for  determining the tangent ia l -momentum accommodat ipn 
coeff icient  for  molecules  of var ious  gases  impinging on a surface.  

APPENDIX 

The coefficients in Eqs, (12) and (13) are determined with the aid of the following formulas: 

all = b~ --  c~1, a12 = bj~ c~, a2~ = b2~ --  c2~, 

u l O F ~  ~: ' / a~ ~ ~. + 8 i? (6) + ~ 1  ~ 

( +  1 5 ) i ,  l0 I~(8) }; b2~=SI~(8); 
+ + 7  2(8) +-~- 

1 8 
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Fig. 2. Exponent T as a function 
of the dimensionless  collision 
p a r a m e t e r  6 and of the tangen- 
momentum accommodation coef-  
ficient s = 1.0 (1), 0.96 (2), 0.92 
(3) (theoretical  curves),  tes t  points 
for  neon (I), hydrogen (II), argon 
(TIT). 

=. (,o(0, ++ [,o(0, 

c2~ = --8 ~ (1 - -  e)i {(]_ 1) ~[(1 -- 1) 81--2]I? (iS) 
1----1 

+ (i + 1)i? 1 ( /+  1) 81}; 

- -  2[(/ 

+ 1) 8] - -  2 (1-- 1) g {q - -  1) 8] + (2] - -  1 _ _ _  A) 13 o [ ( / _  ~) 8] 
8 

4] ioqS)+ (2] + 1) 1 o(] + 1)81 }" 
8 8 ' 

Cli  = C 1 2 - - " ~  

k/=l 

- -  2 (1 - -  l)  112 [(] - -  1) 81 + (6] - -  5) 10 [(1 _ 1)81 
8 

4] i o ( ] 8 ) § 2 4 7  ~ [ ( ] +  1) 81 3 V - ~  
+ T 8 83 

�9 8]  ]oqs)§  4 ]  l o [ q  + 1) 8] }~. + ~ 1~ [(]--1)8)---8- T- ~ -  

For  evaluating the integrals  
1 

1~ (6) = S v" (1 - -  v~)~nJ m (26v) dv 
0 

one can use asymptot ic  expansions of functions Jm(X) [11]. It is  important  to know the f i r s t  four integrals  
i~, i~0, I[, und I~, ~ e  other integrals  cun be oa lcu~ted  according to the recurrence formula 

21~(6) = ( m -  1) ]~-2 (8 )+28 ]~3  (8). 

ci 

N O T A T I O N  

is  the i - th  component of d imensionless  velocity;  
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up is  
u T is 
5 i s  
P is  
T is  
R is 

Z is  
T is  
Qp is 

QT is 

1~ 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 

I0. 
II. 

the m a c r o s c o p i c  ve loc i ty  due to p r e s s u r e  gradient ;  
the m a c r o s c o p i c  ve loc i ty  due to t e m p e r a t u r e  gradient ;  
the d imens ion less  col l is ion p a r a m e t e r ;  
the p r e s s u r e ;  
the t e m p e r a t u r e ;  
the radius  of cap i l l a ry  tube; 
the t angen t i a l -momen tum accomodat ion  coefficient;  
the c r o s s  sect ion a r e a  of cap i l l a ry  tube; 
the exponent of the r m o m o l e c u l a r  p re  s su re  di f ference;  
the r e f e r r e d  flow ra te  due to p r e s s u r e  gradient ;  
the r e f e r r e d  flow ra te  due to t e m p e r a t u r e  gradient .  
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